We investigate the possibility of using icosahedral symmetry as a family symmetry group in the lepton sector. The rotational icosahedral group, which is isomorphic to A 5 , the alternating group of five elements, provides a natural context in which to explore (among other possibilities) the intriguing hypothesis that the solar neutrino mixing angle is governed by the golden ratio,
INTRODUCTION
The discovery [1] and subsequent measurements [2, 3, 4, 5, 6, 7, 8] of neutrino oscillations have verified that neutrinos are massive and lepton mixing is observable, the first particle physics evidence of physics beyond the Standard Model (SM). The data have revealed an intriguing pattern of lepton flavor mixing parameters, providing a new facet to the SM flavor puzzle. Current measurements do not allow for an unambiguous extraction of the neutrino mass pattern. However, global analyses of the data [9] have provided the following 3σ limits on the mass-squared differences ∆m 
Therefore, not only is there a suppression of the neutrino mass scale with respect to the electroweak scale, which is known both from direct bounds [10] and cosmological constraints [11] , but the neutrino oscillation data also suggest a relatively mild neutrino mass hierarchy as compared to the mass hierarchies of the charged fermions.
The mixing angles of the Maki-Nakagawa-Sakata-Pontecorvo (MNSP) [12, 13] lepton mixing matrix are also constrained to the following 3σ ranges (in degrees): 
In contrast to the small angles of the Cabibbo-Kobayashi-Maskawa (CKM) [14] quark mixing matrix, the MNSP matrix has two large angles, the solar angle (θ 12 ) and the atmospheric angle (θ 23 ), and only one small angle, the reactor mixing angle θ 13 , which is bounded to be less than the quark Cabibbo angle, the largest angle of the quark sector.
To understand the origin of fermion masses and mixings in the SM, the paradigm is to use family symmetries to restrict the form of the mass matrices, and to generate mass hierarchies and mixings through small symmetry breaking perturbations. For the lepton sector, it is standard to work within the the framework of the seesaw mechanism [15] , which provides arguably the most natural explanation for the suppressed neutrino mass scale. In terms of mixing angles, it is natural to perturb about vanishing mixings for the quarks. However, the presence of large angles in the lepton sector hints at a range of possible theoretical starting points. The data suggest that at leading order, θ 13 is likely to be zero and θ 23 is likely to be maximal (45 • ), but there are a range of possibilities for θ 12 . The approach known as "quarklepton complementarity" [16] , which has been widely studied in the literature, assumes that θ 12 is also maximal at leading order, but is shifted to values within the experimental range by Cabibbo-sized effects. A perhaps even more popular approach is to seek the HarrisonPerkins-Scott (HPS) "tri-bimaximal" mixing pattern [17] at leading order, in which
well within the allowed range of the data. An attractive feature of the tri-bimaximal mixing scenario is that it emerges quite naturally from flavor theories based on non-Abelian discrete family symmetries which are subgroups of SO (3) or SU(3). Models have been constructed based on A 4 (which is isomorphic to the tetrahedral symmetry group T ) [18] , the binary tetrahedral group (2) T [19] , ∆(3n 2 ) [20] , the semidirect product of Z 3 and Z 7 [21] , S 4 [22] (which is isomorphic to the rotational symmetry of the cube), and S 3 [23] (here additional input is needed to achieve the HPS value of θ 12 ), among others. The plethora of viable flavor models within this approach (see [24] for reviews) suggests that discrete non-Abelian family symmetries may be the key to understanding the flavor patterns of the lepton sector.
In this paper, we explore the possibility that the rotational icosahedral symmetry group I, which is isomorphic to A 5 , the alternating group of five elements, is the family symmetry group in the lepton sector. Icosahedral symmetry is the only symmetry based on Plato's five "perfect" solids (the tetrahedron, cube, octahedron, dodecahedron, and icosahedron) which has not been used as a family symmetry group (the cube and the octahedron are described by the same symmetry group, as are the dodecahedron and icosahedron). This group has remained comparatively unexplored for physics applications, at least in part because it is not a crystallographic point group. Icosahedral symmetry is a logical candidate for a family symmetry, in that it has irreducible triplet representations (as do the groups given above, except for S 3 ), and it contains the tetrahedral (A 4 ) group as a subgroup.
An intriguing feature of the icosahedral (A 5 ) symmetry group is that it provides a natural setting in which to explore the idea [25, 26] that the solar mixing angle is related at leading order to the golden ratio, φ = (1 + √ 5)/2 (a solution of x 2 − x − 1 = 0):
which is 2σ below the current best fit value (but can easily be shifted to higher values by small perturbations). This hypothesis was first mentioned in [25] , and recently explored in the context of Z 2 × Z 2 models in [26] (it is worth noting that an alternative pattern in which cos θ 12 = φ/2 has also been suggested [27] ). It was suggested in [26] that A 5 might naturally generate this pattern, as the golden ratio is related to the geometry of the icosahedron.
In this paper, we investigate the rotational symmetry group of the icosahedron as a family symmetry group, with the specific goal of building flavor models which result in the golden ratio prediction for the solar mixing angle as in Eq. (5) . To this end, we begin by reviewing basic properties of the rotational icosahedral symmetry group. We will identify a particularly useful group representation for our purposes, first given in the literature by Shirai [28] , and use it to construct tensor products of the irreducible representations. Finally, we apply this formalism by constructing toy flavor models which result in Eq. (5) at leading order. Our studies will demonstrate that the icosahedral (A 5 ) symmetry group provides a rich setting in which to explore the flavor puzzle of the SM.
THEORETICAL BACKGROUND
In this section, we will provide a brief overview of the basic properties of the icosahedral symmetry group. The methodology and many of the basic group properties are well known in the literature and can be found in [28, 29, 30, 31, 32, 33, 34, 35, 36] . However, the explicit tensor product decomposition has not to our knowledge been presented in the literature, at least not for the specific group representation (due to Shirai [28] ) that we will argue is particularly well suited for the purposes of flavor model building. We compute these quantities at the end of this section.
Preliminaries. 
In the above, we follow the standard practice of using Schoenflies notation, in which C k n is a rotation by 2kπ/n, and the number in front identifies the number of group elements in the conjugacy class. It is worth noting here that this implies that elements of C k n are order n elements (elements which result in the identity after n operations). As can be seen from this classification, the rotational icosahedral group has 60 elements (it is order 60).
Given that the order of the group is equal to the sum of the squares of the dimensions of the irreducible representations, and furthermore that the number of conjugacy classes is equal to the number of irreducible representations, the dimensions of the irreducible representations are given by 1 + 12 + 12 + 15 + 20 = 
Hence, I has five irreducible representations: 1, 3, 3 ′ , 4, and 5 (note the presence of two distinct triplet representations, 3 and 3 ′ ). The single one-dimensional representation, as opposed to the case of A 4 , which has three one-dimensional irreducible representations, results because I is a perfect group (it is equal to its commutator subgroup) [31, 32] .
The character table of the rotational icosahedral group is given in Table I (this table can also be found in [28, 29, 31, 33, 34, 35, 36] ). The character table labels the character (trace) of the matrices which represent the group elements of a particular conjugacy class within a given irreducible representation. Table I indicates the appearance of the golden ratio for the triplet representations of the 12C 5 and 12C 2 5 conjugacy classes. Using the character table, the decomposition of tensor products of various irreducible representations can be deduced.
More explicitly, the product of two three-dimensional representations 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5 (and similarly for 3 ′ ⊗ 3 ′ , with 3 → 3 ′ ). The full list of tensor products is presented in Table II (it also appeared earlier in the literature [35] ). Given the properties of tensor products of SO (3), the tensor product decomposition of two elements of the same irreducible representation can be classified by symmetry properties. For example, 3⊗3 = 1⊕3⊕5 = (1⊕5) S ⊕3 A , in which the labels correspond to symmetric or antisymmetric, respectively (see [35] for the complete listing). We also show in Table III the relations between the irreducible representations of I and the irreducible representations of A 4 , which are also found in [34] . 
TABLE II: The tensor product decomposition for the rotational icosahedral symmetry group I and the alternating group A 5 ; see also [35] .
Group Presentation and the Shirai Basis. As is the case for any finite group, the elements of the rotational icosahedral symmetry group can be generated by a set of basic elements which satisfy certain relations; the elements and rules together are known as the "presentation" of the group. Unlike the case for smaller groups (such as A 4 ), there are several equivalent ways to present the group, which either involve two generators or three generators; a classification can be found in [29] . We will proceed here by choosing a specific presentation of I due to Hamilton (see e.g. [29] ):
The decomposition of the irreducible representations of the rotational icosahedral symmetry group I in terms of the irreducible representations of A 4 ; see also [34] .
This notation indicates that with the two generators, a and b, the entire rotational icosahedral group can be generated (or something isomorphic to I) when a and b are combined subject to the "rules" of Eq. (8). Here e is the identity, as is standard in the mathematical
literature. An explicit example of this presentation is given in [35] .
The two generators of Eq. (8) belong to the C 2 and C 3 conjugacy classes, as they square and cube to the identity, respectively. We have found that for the purposes of flavor model building with the golden ratio prediction for the solar angle in mind, it is advantageous to use a presentation which explicitly uses an element either from C 5 or C 2 5 , as the golden ratio appears in the character table for these conjugacy classes explicitly (see Table I ). As noted e.g. in [36] , Hamilton's presentation can be rewritten in terms of an order two generator S = a and an order five generator T = bab, such that
Explicit representations were presented both by Hoyle [36] and Shirai [28] . Hoyle's basis [36] is not unitary for a subset of the irreducible representations, and hence is not useful for flavor model building. In Shirai's basis, which incorporates generators from C 5 and C 2 [28] , the generators for the triplet representation (3) are as follows:
while for the other independent triplet representation (3 ′ ), the generators take the form
The generators for the four-dimensional representation in the Shirai basis are given by
while for the five-dimensional irreducible representation, the order two generator is
and the order five generator is
(our Eqs. (13)- (14) correct minor typos found in [28] ). Before proceeding further, let us first comment on other presentations that are available in the literature. The icosahedral (A 5 ) group can be defined using three generators, in which two of the generators define the tetrahedral (A 4 ) subgroup. Such a presentation is given in the classic text of Lomont [31] and the work of Cummins and Patera [34] , as follows:
In the above, the generators A 1 and A 2 generate the tetrahedral subgroup of I. The explicit representations, which we will not state explicitly here, differ in [31] and [34] by a similarity transformation. In terms of the generators of Hamilton's presentation a and b, we have the following equivalence relations (up to a similarity transformation):
While any of these presentations can be used as a basis for flavor model building, the Shirai basis has the advantage that the golden ratio appears explicitly, which will turn out to be a useful feature for seeking the golden ratio prediction for the solar mixing angle as given in Eq. (5) . Therefore, in this paper we will use the Shirai basis (Eqs. (10)- (14)). The explicit tensor product decomposition has not, to our knowledge, been presented in the literature for this basis. We construct it explicitly in the next section.
Tensor products. The next task is to find group invariants of I. General procedures for constructing the invariants for finite groups can be found in [30, 31] , with explicit applications to icosahedral (A 5 ) symmetry in [34, 35] . In this paper, we will focus for the sake of simplicity on constructing the relevant Kronecker products within the Shirai basis. Our results are sufficient for flavor model building at tree level using this basis. Let us begin by defining the two distinct triplet states as 3 = (a 1 , a 2 , a 3 ) T and 3 = (b 1 , b 2 , b 3 ) T . Using Eqs. (10)- (14), it is straightforward to show that the decomposition of 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5 yields the following results for the singlet,
the triplet,
and the fiveplet:
which show the symmetry of the singlet and the fiveplet, and the antisymmetry of the triplet.
The Kronecker products for 3 ′ ⊗ 3 ′ for the singlet and the triplet have an identical structure to those of the 3 ⊗ 3, but for the fiveplet we have the different symmetric combination:
For 3 ⊗ 3 ′ = 4 ⊕ 5, we have the following result for the fourplet:
and the five-dimensional representation takes the form:
For our purposes in this paper, the only remaining Kronecker products we need are (i) the singlet which results from tensoring together two fourplets, 4 = (a 1 , a 2 , a 3 , a 4 ) T and
and ( 
The form of these singlets results directly from unitarity and the reality of the Shirai basis. In forthcoming work [37] , we will present a more comprehensive analysis of the group invariants which connects with the general formalism presented in [34, 35] . 
LEPTON FLAVOR MODEL BUILDING
In this section, we apply this formalism to the issue of flavor model building based on the rotational icosahedral symmetry group as a family symmetry of the lepton sector. We focus in this paper exclusively on the lepton sector and defer the quark sector to future work.
With this restriction in mind, the starting point is to examine possible family symmetry charge assignments for the SM fields, which include the lepton doublets L i , the charged lepton singletsē i , and, in the case of seesaw models, the right-handed neutrinosN i (i is a family index). The electroweak Higgs field(s) are assumed to be blind to the family symmetry. Clearly, it is natural for the lepton sector fields to transform as a 3 or a 3 ′ under the icosahedral symmetry. This leads to eight possible scenarios, as shown in Table IV .
For concreteness, we will focus here on the case in which L is a 3 andē is a 3 ′ , leaving theN charge unspecifed for the moment. With these charge assignments, the standard procedure is to use the Froggatt-Nielsen mechanism [38] and introduce flavon fields, scalar fields charged under the family symmetry which acquire vacuum expectation values (vev's) that break the family symmetry. To determine the options for the flavon field content, recall that the structure of the mass terms we aim to generate takes the standard schematic form: are much larger than the Higgs vacuum expectation value, such that the heavy right-handed neutrinos can be integrated out to yield the standard seesaw mass matrix for the light (primarily left-handed) neutrinos [15] :
This mass term can also be encoded by Weinberg's dimension five operator [39] :
where M is a (presumably high) cutoff scale (i.e., the scale of the eigenvalues of the Majorana mass matrix M (M ) of the right-handed neutrinos in a seesaw framework). For simplicity, we will use Eq. (25) to encode the effective seesaw mass term, which bypasses the details of the right-handed neutrinos, for the time being. We will return to this issue later in the paper.
In our scenario, the effective mass terms are thus of the LL and Lē type, with
We see that in the absence of flavor symmetry breaking, the bare LL term is allowed, but the bare Lē term is absent. Given the structure of the singlet coupling of two triplets (see Eq. (17) Even within this simpler class of scenarios in which the L andē fields have been assigned to specific representations, to address whether the golden ratio prediction for the solar mixing angle can naturally emerge within such icosahedral (A 5 ) models requires a systematic study, which is currently in progress [37] . Here, for illustrative purposes, we will focus on constructing a minimal (toy) scenario which reproduces a similar structure of mixings as found in [26] , in which the solar mixing angle originates from the neutrino sector, and the maximal atmospheric mixing angle arises from the charged lepton sector. In this paper, we do not attempt to construct a fully realistic model; instead, the goal is to see, through this very simple example, what flavon sector fields and associated vacuum expectation values are needed to reproduce this pattern within the framework of icosahedral symmetry. To this end, we include a "minimal" number of flavon fields and only consider leading order couplings. Furthermore, we will not include effects of renormalization group running in this scenario, which would be necessary in a comprehensive study (see e.g. [40] ).
The simple model we consider has the following flavon sector fields: the fields ξ and ψ, which each transform as a 5, and the flavon χ, which transforms as a 4. The presence of two distinct fiveplets turns out to be unavoidable in this context; we will comment on this shortly. We will assume that ξ couples to the LL operator and that χ and ψ couple to the Lē operator; this assumption necessitates additional symmetries which forbid ξ and ψ from coupling to Lē and LL, respectively. For simplicity, we will also assume that the tree level LL term is forbidden by such additional symmetries. This tree level term is proportional to the identity matrix, and hence it does not affect the mixing angles or the predictions for the mass-squared differences, but does affect the overall neutrino mass scale. Similarly, singlet flavon fields which couple to LL would also just affect the overall neutrino mass scale. We assume such singlet fields are absent.
With these assumptions, the mass terms take the following schematic form: (27) in which M ′ represents the (presumably high) scale of flavor symmetry breaking, and α ijk , β ijk , and γ ijl are dimensionless couplings that encode the tensor product decomposition of the icosahedral symmetry as well as any (presumably O (1)) coupling factors. In principle, M ′ has no relation to M, particularly within the context of the neutrino seesaw. After electroweak symmetry breaking, the resulting mass matrices are given by
in which α, β, and γ are dimensionless couplings (functions of the parameters of Eq. (27)) which encode the suppression of the neutrino and the charged lepton mass scales.
To determine the nature of the flavor symmetry breaking and the resulting masses and mixings, the dynamics of the flavon sector must be considered in detail. The flavon structure is clearly quite rich due to the presence of the four-and five-dimensional representations.
Given the complexity of this sector, we will leave the flavon dynamics unspecified in this paper as a first step toward flavor model building, and defer this important issue for future work. We will instead examine the possible vev patterns that can result in scenarios analogous to those presented in [26] , and defer a more systematic study of other viable options to future work. Within this approach, the golden prediction for the solar neutrino mixing angle can be obtained in the neutrino sector by assigning the following vev to ξ:
In the above, m 1 and m 2 are mass parameters, which turn out to be the neutrino mass eigenvalues associated with the solar neutrino pair. The dominant component of the vacuum expectation value of ξ is that of ξ 5 ; the other terms represent small corrections, of order ∼ ∆m 2 12 /(m 1 + m 2 ). From Eq. (28), one sees that the vanishing of the ξ 3,4 component vevs is needed to ensure that only the solar mixing angle results from the neutrino sector. The solar angle in this scenario is determined by the interplay between the ξ 1 and ξ 2 vevs, as the ξ 5 vev leads to a diagonal mass matrix. Explicitly, the neutrino mass matrix is
The neutrino mass eigenvalues are m 1 , m 2 , and m 3 = −(m 1 + m 2 ). The constraint on m 3
results from the interplay of the small ξ 1 and ξ 2 vevs with the ξ 5 vev, which is needed to obtain the golden ratio prediction for the solar mixing angle. The negative sign of m 3 can be absorbed by a phase rotation because the neutrinos are Majorana fermions. The neutrino mixing matrix U ν , defined by U ν M ν U T ν , satisfies Eq. (5) by design:
The masses m 1 and m 2 are determined by accommodating the splittings of the solar and atmospheric neutrino mass-squares (see Eqs. (1)- (2)); we obtain m 1 = 2.77 × 10 −2 eV, m 2 = 2.91 × 10 −2 eV, and |m 3 | = 5.68 × 10 −2 eV. Hence, the resulting pattern has a normal mass ordering, but with a mass spectrum which is quasi-degenerate.The mass pattern obtained here differs from that of [26] , in which m 3 was an independent parameter, while m 1 and m 2 were given by m 1 = m/φ, m 2 = φm (∆m 2 12 = √ 5m 2 in their scenario).
In the charged lepton sector, we seek maximal mixing between the second and third families. At leading order in flavon fields, we assume only m τ is nonvanishing, and that the charged lepton mass matrix takes the form
as in [26] . Such a pattern can be achieved with the following vev assignments for χ and ψ:
Given Eq. (33), the vevs of ψ 2,4 and χ 1,3 are required to vanish due to the structure of Eq. (29) . The left-handed states are diagonalized by the mixing matrix
It can be shown that Eq. (33) cannot be reproduced with nonvanishing vevs for only χ or only ψ (see Eq. (29)). Furthermore, two distinct fiveplets are required in this model (one which couples to the neutrino sector and one which couples to the charged lepton sector), since the required vev of ψ is qualitatively different than that of ξ (see Eq. (30)).
Nonvanishing electron and muon masses can also be accommodated by fitting the full result for the charged lepton mass matrix given in [26] :
by allowing for nonvanishing vevs for ψ 2,4 and χ 1,3 as follows:
Such small entries in the flavon vevs clearly represent a large fine-tuning, which is needed to achieve the hierarchically suppressed electron and muon masses at leading order in flavon fields. In general, whether or not flavon vevs such the ones presented above can emerge naturally within icosahedral symmetry is a question which can only be addressed by explicitly considering the dynamics of the flavon sector. Though the vacuum alignment issue must be addressed, it is not implausible that the appearance of the golden ratio in the flavon vevs can emerge naturally from the underlying icosahedral symmetry.
We pause here to note that generating charged lepton masses and mixing is quite different here than in the case of A 4 models, where typically the charged lepton singlets are assigned to the three different one-dimensional irreducible representations. In such A 4 models, the hierarchical charged lepton masses can be addressed via separate small Yukawa couplings, whereas in the I (A 5 ) scenarios studied here, one necessarily has to address all three families together. In forthcoming work, we will analyze details of higher-order couplings which can result in the charged lepton mass matrix of Eq. (37), among other possibilities.
The last feature remaining is to present the explicit form of the MNSP matrix. Given
Eq. (32) and Eq. (36), the MNSP matrix takes the form
where P = Diag(1, 1, i) is the Majorana phase matrix. By design, the MNSP matrix has a vanishing reactor mixing angle, a maximal atmospheric mixing angle, and a solar angle
given by θ 12 = tan −1 (1/φ), as in Eq. (5).
In this scenario, once the charges of L andē are specified and the flavon field content is chosen, there are in principle fourteen complex parameters (the flavon vevs) which are inputs for the model. As there are eight physical observables (3 charged lepton masses, two neutrino mass-squared differences, and three lepton mixing angles), without further input the model is underconstrained. With the choice of flavon field vevs of Eqs. (30) , (34) , and (35) , this number of parameters has been reduced by hand to 8 real parameters. Therefore, we can predict observables such as the neutrinoless double beta decay parameter, m ββ = i m i U 2 ei , which is given by
In our model, m ββ = 2.8 × 10 −2 eV. In regards to CP phases, the Dirac MNSP phase cannot be predicted because θ 13 = 0 to this order of approximation. As seen in Eq. (40), our scenario does have a Majorana phase, but it does not enter into the expression for m ββ .
We close this section by commenting on seesaw realizations of scenarios such as the one presented above. Given the form of Eq. (23), we see that whether the right-handed neutrinos are assigned to transform as a 3 or a 3 ′ , the possible flavon fields in the right-handed neutrino sector are either a 1 or a 5 due to the symmetry of theNN operator. One straightforward example for the case in whichN is a 3 (more precisely, when L andN transform identically under I) is that the only flavon field which couples to LN andNN is the fiveplet field ξ.
We will also assume that the tree-level coupling ofNN is forbidden (e.g. by an additional symmetry). In this case, M (M ) is proportional to the Dirac mass matrix, M D , which results from the LN coupling. The seesaw formula then results in
since M D is a symmetric matrix in this case. If ξ has the same vev pattern as in Eq. (30), it is straightforward to see that we obtain exactly the same flavor mixing structure of the neutrino mass matrix of Eq. (31) . Therefore, this scenario represents a simple seesaw extension of the effective theories given above. However, it is clear that there are many other possible seesaw embeddings that are worthy of further exploration. We plan to analyze this and other crucial model-building issues, most notably the dynamics of the flavon sector, in future work.
CONCLUSIONS
In this paper, we have investigated the possibility that the rotational icosahedral symmetry group I, which is isomorphic to A 5 , is the family symmetry group of the lepton sector. Icosahedral symmetry has remained relatively unexplored for physics applications, most notably because it is not compatible with translational invariance and thus is not a crystallographic point group. Nevertheless, the rotational icosahedral symmetry group has many features which make it an appealing candidate for a family symmetry. In particular, the presence of two distinct triplet irreducible representations provides a rich framework in which to generate the large mixing angles of the lepton sector.
We have focused in this paper on developing the tools to construct models in which the solar mixing angle is related in a nontrivial way to the golden ratio, φ = (1 + √ 5)/2.
Icosahedral symmetry provides a natural setting in which to explore this hypothesis, as the golden ratio emerges from the geometrical properties of the icosahedron. Although the golden ratio prediction for the solar mixing angle is an intriguing option, it is not the only plausible outcome in models with icosahedral symmetry. One possible research direction is to study how tri-bimaximal mixing might arise within this framework. This outcome is also in some sense natural, in that the tetrahedral (A 4 ) group is a subgroup of I.
Our work represents the first stage for flavor model building using icosahedral symmetry.
We have constructed explicit tensor products using a specific group representation due to Shirai [28] , and used these results to construct toy models which reproduce the golden ratio prediction for the solar mixing angle of Eq. (5). Much work still needs to be done within this framework, including a more general analysis of higher-order invariants and the implications for flavor model building beyond leading order, particularly with respect to the important issue of the flavon sector dynamics. Though our investigation is still at a preliminary stage, icosahedral symmetry clearly provides a rich arena in which to explore the flavor puzzle of the Standard Model and is certainly worthy of further study in this exciting era of continued experimental probes of lepton flavor mixing.
